Abstract. We compute the completion of the groups SLn(Z [t]) and SLn(Z[t, t
The Malcev (or Q-) completion of a group Γ is a prounipotent group P defined over Q together with a homomorphism ϕ : Γ → P satisfying the following universal mapping property: If ψ : Γ → U is a map of Γ into a prounipotent group then there is a unique map Φ : P → U such that ψ = Φϕ. If H 1 (Γ, Q) = 0, then the group P is trivial and is therefore useless for studying Γ. In particular, the Malcev completions of the groups SL n (Z[t]) and SL n (Z[t, t −1 ]) are trivial when n ≥ 3 (this follows from the work of Suslin [14] ).
Here we consider Deligne's notion of relative completion. Suppose ρ : Γ → S is a representation of Γ in a semisimple linear algebraic group over Q. Suppose that the image of ρ is Zariski dense in S. The completion of Γ relative to ρ is a proalgebraic group G over Q, which is an extension of S by a prounipotent group U, and homomorphismρ : Γ → G which lifts ρ and has Zariski dense image. When S is the trivial group, G is simply the classical Malcev completion. The relative completion satisfies an obvious universal mapping property. The basic theory of relative completion was developed by R. Hain [5] (and independently by E. Looijenga (unpublished)), and is reviewed in Section 2 below.
In this paper we consider the completions of the groups SL n (Z[t]) and SL n (Z[t, t −1 ]) relative to the homomorphisms to SL n (Q) given by setting t = 0 (respectively, t = 1). There is an obvious candidate for the relative completion, namely the proalgebraic group SL n (Q
[[T ]]). The map
is the obvious inclusion and the map
where Γ • π denotes the lower central series of π. There is a natural map
which is injective in degree 2 provided H 1 (π, Q) is finite dimensional. Consider the extension
. This yields a spectral sequence for computing the rational cohomology of SL n (R). In light of the following result it is reasonable to conjecture that H 2 (SL n (R), Q) = 0 for n ≥ 3.
Of course, one can see that H 2 (SL n (R), Q) = 0 for n ≥ 5 by using van der Kallen's stability theorem [7] and the Fundamental Theorem of Algebraic K-theory. The above result provides evidence for the vanishing of H 2 (SL n (R), Q) for n = 3, 4. We note, however, that H 2 (SL 2 (Z[t]), Q) has infinite rank (this is a consequence of results of Grunewald, et. al. [3] ).
The study of the relative completion of the fundamental group of a complex algebraic variety X is related to the study of variations of mixed Hodge structure over X [5] . Moreover, relative completions were used with great success by R. Hain in his study of mapping class groups M g and Torelli
Malcev Completions
Recall that the Malcev completion of a group Γ is a prounipotent group M over Q, together with a map Γ → M which satisfies the obvious universal mapping property. We recall the construction of M as given by Bousfield [2] .
First suppose that G is a nilpotent group. The Malcev completion of G consists of a group G and a homomorphism j : G → G. It is characterized by the following three properties [12, Appendix A, Cor. 3.8]:
1. G is nilpotent and uniquely divisible. 2. The kernel of j is the torsion subgroup of G. 3. If x ∈ G, then x n ∈ im j for some n = 0.
Quillen constructs G as the set of grouplike elements of the completed group algebra QG (completed with respect to the augmentation ideal). Now, if G is an arbitrary group, denote by G r the nilpotent group G/Γ r G, where Γ • G is the lower central series of G. Following Bousfield [2] , we define the Malcev completion of G to be
where G r is the Malcev completion of G r . One checks easily that the group M satisfies the universal mapping property.
Relative Completions
In this section we review the theory of relative completion. All results in this section are due to R. Hain [5] .
Let Γ be a group and ρ : Γ → S a Zariski dense representation of Γ in a semisimple algebraic group S over Q. The completion of Γ relative to ρ may be constructed as follows. Consider all commutative diagrams of the form
where E is a linear algebraic group over Q, U is a unipotent subgroup of E, and the image ofρ is Zariski dense. The collection of all such diagrams forms an inverse system [5, Prop 2.1] and we define the completion of Γ relative to ρ to be G = lim ← − E. The group G satisfies the following universal mapping property. Suppose that E is a proalgebraic group over Q such that there is a map E → S with prounipotent kernel. If ϕ : Γ → E is a homomorphism whose composition with E → S is ρ, then there is a unique map τ : G → E such that the diagram
Denote by L the image of ρ : Γ → S and by T the kernel. Let Γ → G be the completion of Γ relative to ρ and let U be the prounipotent radical of G. Consider the commutative diagram
Denote by T the classical Malcev completion of T . The universal mapping property of T gives a map Φ : T → U whose composition with T → T is the map T → U. Denote the kernel of Φ by K. We have the following two results. Observe that H 1 (SL n (Z), A) = 0 for n ≥ 3 by Raghunathan's theorem [13] . Moreover the second condition that H 2 (SL n (Z), A) = 0 for all nontrivial A holds for n ≥ 3 as well [1] . 1 
The Malcev Completion of K(R)
Consider the short exact sequences
, and n ≥ 3. In this section we compute the Malcev completion of K(R).
It follows that for each i,
where each X j is a matrix with integer entries. Define
we may write
These maps are well-defined since the condition det Z = 1 in K i (R) forces trace Z i = 0. Moreover, it is easy to see that the maps ρ i , σ i are surjective group homomorphisms with kernel K i+1 . Thus for each i ≥ 1, we have
Consider the associated graded Z-Lie algebra
If n ≥ 3, the Lie algebra sl n (Z) satisfies sl n (Z) = [sl n (Z), sl n (Z)]. It follows that the graded algebra Gr • K(R) is generated by Gr 1 K(R). The following lemma is easily proved (compare with [12, Appendix A, Prop. 3.5]).
Then the associated graded Lie algebra Gr • G is generated by Gr 1 G if and only if G r = G r+1 Γ r for each r ≥ 1.
Corollary 3.2. Suppose G r = {1}. If Gr • G is generated by Gr 1 G, then the completions of G with respect to the filtration G • and the lower central series Γ • G are isomorphic; that is,
Proof. Consider the short exact sequence
Since Gr • G is generated by Gr 1 G, we have G r = G r+1 Γ r for each r. It follows that the inverse system {G r /Γ r } is surjective. This, in turn, implies that the natural map lim ← − G/Γ r −→ lim ← − G/G r is surjective. Injectivity follows since the assumption that G r = {1} implies that lim ← − G r /Γ r = {1}.
We now compute the Malcev completions of the groups K(R)/K i (R). We first provide the following result. 
Proof. This follows easily once one notes that in Z[t, t −1 ]/(t − 1) m , we have t −1 = 1+(t−1)+· · ·+(t−1) m−1 , so that any polynomial in Z[t, t −1 ]/(t−1) m may be written as a polynomial in nonnegative powers of (t − 1).
Consider the short exact sequence Proof. The first assertion follows from Lemma 3.3 and the second from Corollary 3.2.
Observe that the group K has a filtration given by powers of T (exactly as K(Z[t]) does) and that the successive graded quotients are isomorphic to sl n (Z). Denote the filtration by K
• .
We have an analogous sequence over Q:
and the corresponding T -adic filtration U • in U. In this case, the successive graded quotients are isomorphic to sl n (Q). We can assemble our exact sequences into a commutative diagram
Proof. According to Quillen's criterion (see Section 1) we must check three things. First, the group U/U r is nilpotent and uniquely divisible. Nilpotency is obvious, so suppose
is an element of U/U r . For each n > 0, we must find a unique X ∈ U/U r with X n = Y . For an arbitrary X ∈ U/U r , write X = I + T X 1 + · · · + T r−1 X r−1 , and consider the equation
where p(X 1 , . . . , X r−2 ) is a polynomial in the X i , i ≤ r − 2. Clearly, we can solve this equation inductively for the X i and find a unique X. Second, we must show that the kernel of j is the torsion subgroup of K(R)/K r (R). This is clear since K(R)/K r (R) is torsion-free (i.e., if some power of X ∈ K lies in K r , then X ∈ K r already) and the map is injective.
Finally, we must show that if X ∈ U/U r , then X m ∈ im j for some m = 0. We prove this by induction on r, beginning at r = 2. Let X = I + T X 1 be an element of U/U 2 . Then there is an m > 0 such that mX 1 consists of integer entries. Then X m = I + T mX 1 lies in the image of j. Now suppose the result holds for r − 1 and consider the commutative diagram
Suppose X ∈ U/U r . Denote its image in U/U r−1 by X. By the inductive hypothesis, there is an integer m = 0 with X m = Y for some Y ∈ K/K r−1 .
Choose a lift Y of Y in K/K r . Then Y maps to X m in U/U r−1 . But X m also maps to X m so that X m Y −1 = Z for some Z ∈ U r−1 /U r . Now, there exists some W ∈ K r−1 /K r ( ∼ = sl n (Z)) with Z p = W for some p = 0. Since
Thus, X mp = W Y p belongs to K/K r and the induction is complete.
Theorem 3.6. The inclusion K(R) → U is the Malcev completion.
Proof. Since U = lim ← − U/U r and since U/U r is the Malcev completion of K(R)/K r (R), the theorem will follow immediately if we can show that K r (R) = Γ r K(R) for each r. This follows from the next two lemmas.
Lemma 3.7 ([2], 13.6). Let F • be a central series in a group G such that 1. The natural map G → lim ← − G/F s is an isomorphism. 2. F s /F s+1 is torsion-free for s ≥ 1.
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3. The Lie product G/F 2 ⊗F s /F s+1 → F s+1 /F s+2 is surjective for s ≥ 1. 4. G/F 2 is finitely generated.
Then Γ s G = F s for s ≥ 1.
Lemma 3.8 ([2], 13.4) . Let G be a group and denote by G the completion G = lim ← − G/Γ r G. Then the following statements are equivalent.
Completion of the proof of Theorem 3.6. Consider the group
with its T -adic filtration K • . Note that Lemma 3.7 shows that K r = Γ r K for each r: the first two conditions are clear, as is the fourth; the third condition follows since the Lie algebra sl n (Z) is perfect (it is here that we must exclude the case n = 2). Since
(the last equality is Corollary 3.4), and since
It follows that K r (R) = Γ r K(R) and hence U is the Malcev completion of K(R).
Remark 3.9. Even if Lemma 3.8 were not available, we could still prove the result as follows. Denote by M r the Malcev completion of K(R)/Γ r K(R), and by M = lim ← − M r the Malcev completion of K(R). Then the map K(R) → M factors through K. Moreover, by the universal property of M, we get a unique map M → U which is easily seen to be an isomorphism since it has an inverse given by the universal property of the Malcev completion K → U.
Proof. The first isomorphism follows from Lemma 3.8 and the second isomorphism from Lemma 3.7.
The Relative Completion of SL n (R)
We are now ready to prove the main result.
) is the completion with respect to the map
Proof. The relative completion is a proalgebraic group which is an extension
where P is prounipotent. By the universal property of U, we have a unique map Φ : U → P induced by the map K(R) → P. Since H 1 (SL n (Z), A) = 0 for all rational SL n (Q)-modules A [13] , we see that Φ is surjective (Proposition 2.1). On the other hand, since H 1 (K(R), Q) ∼ = sl n (Q) is finite dimensional by Corollary 3.10, since the action of SL n (Z) on H 1 (K(R), Q) extends to a rational representation of SL n (Q), and since H 2 (SL n (Z), A) = 0 for all nontrivial rational representations A of SL n (Q) [1] , Proposition 2.2 shows that the kernel of Φ is no larger than H 2 (SL n (Z), Q) = 0. Thus, U ∼ = P, and since the extension 
The Case n = 2
The proof of Theorem 4.1 breaks down in the case n = 2 for a variety of reasons.
1. The Lie algebra sl 2 (Z) is not perfect. 2. Raghunathan's theorem on the vanishing of H 1 (SL n (Z), A) does not apply for n = 2. 3. Borel's result for the vanishing of H 2 (SL n (Z), A) cannot be strengthened to include n = 2. However, one can make the following observations. Denote by G(Z) the completion of SL 2 (Z) relative to its canonical inclusion in SL 2 (Q), and by
is not isomorphic to SL 2 (Q); in fact, it is an extension of SL 2 (Q) by a free prounipotent group with infinite dimensional H 1 (see [6, Rmk. 3.9] ).
We have a commutative diagram
The map Φ : G(R) → G(Z) is induced by the composition SL 2 (R) → SL 2 (Z) → G(Z) and the map Ψ :
If n ≥ 3, then the map SL n (Z) → SL n (Q) is the relative completion so that the completion of SL n (R) is an extension of the completion of SL n (Z) by the Malcev completion of K(R). This leads us to make the following conjecture.
Conjecture 5.1. The map K(R) −→ W is the Malcev completion.
Note that there is at least some hope for this since W is properly contained in the kernel of the map G(R) → SL 2 (Q) so that W is prounipotent.
Cohomology
In this section we provide evidence for the following conjecture.
Note that this conjecture is true for n ≥ 5 for the following reason. If n ≥ 5, then by van der Kallen's stability theorem [7] , we have
The tool that we will use is continuous cohomology. We define the continuous cohomology of a group π by
The basic properties of continuous cohomology were established by Hain [4] . We note the following facts. . Let π be a group with H 1 (π, Q) finite dimensional. Let P be the Malcev completion of π and denote by p the Lie algebra of P. Then the natural map
Thus, if H 1 (π, Q) is finite dimensional, we can use Lie algebra cohomology to obtain a lower bound on the dimension of H 2 (π, Q). We will not compute H 2 cts (K(R), Q) explicitly. However, we note the following result. Proposition 6.4. If n ≥ 3, then dim H 2 cts (K(R), Q) ≥ (n 2 − 1) 2 /4.
Proof. By a result of Lubotzky and Magid [10] , if G is a nilpotent group with b 1 = dim H 1 (G, Q) finite, then the second Betti number b 2 satisfies b 2 ≥ b 2 1 /4. In the case of K(R)/K r (R), since H 1 (K/K r , Q) ∼ = sl n (Q), we see that b 2 (K/K r ) ≥ (n 2 − 1) 2 /4 for each r.
To show that H 2 (SL n (R), Q) vanishes, it would suffice to show the following three things.
1. H 2 (SL n (Z), Q) = 0.
2. H 1 (SL n (Z), H 1 (K(R), Q)) = 0.
3. H 0 (SL n (Z), H 2 (K(R), Q)) = 0. The first statement is clear. The second follows from [13] since H 1 (K(R), Q) is the adjoint representation sl n (Q). The third statement is true for n ≥ 5. The next result provides some evidence for the vanishing of the group H 0 (SL n (Z), H 2 (K(R), Q)) when n = 3, 4. We first state the following lemma, which can be proved via direct computation.
